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AN EXAMPLE OF A MINIMAL SURFACE OF GENUS ONE
WITH TWO CATENOID ENDS AND ONE ENNEPER END
JOSE´ ANTONIO M. VILHENA
Abstract. In this paper we construct an example of a complete immersed
minimal surface in R3 of genus one with two embedded catenoid-type ends, one
Enneper-type end and total Gauss curvature −16pi. The proof of the existence
of this example, was obtained using the Weierstrass representation, the theory
of elliptic functions and explicitly solving the period problem.
1. Introduction
At the beginning of the 80’s and 90’s, the Weierstrass representation and the
theory of elliptic functions was a fundamental tool for finding a large quantity of
new examples of minimal surfaces: Chen-Gackstatter, Costa, Hoffman, Meeks and
Karcher (see [3], [5], [11],[12]) among others.
The Chen-Gackstatter surface (C–G) (see [3]) was the first example of a com-
plete minimal surface of genus one with one Enneper-type end and total curvature
−8π. The construction of this example was obtained using the elliptic function ℘
and the Weierstrass data (g, η) = (c ℘′/℘, 2℘dz), c =
√
3π/2g2. In the same pa-
per, Chen-Gackstatter have proven that there is a complete minimal surface with
genus two and and one Enneper-type end. The genus one C-G surface was gener-
alized by Karcher [15] and the genus two C-G surface was generalized by Thayer
[17]. These generalizations are similar to C-G surfaces, but with higher winding
order at the end. Other generalizations of the Chen-Gackstatter surface also can
be found in [6], [7], [14]. Among many other surfaces of genus one with three ends,
we can mention the beautiful Costa surface (see [4]) given by Weierstrass data
(g, η) = (a/℘′, ℘ dz), a = 2e1
√
2π that is an embedded minimal surface with one
planar end and two catenoid ends.
In this paper we first give a description of the Matthias Weber’s minimal surface
[18] and using the theory of elliptic function, we explicitly solve the period problem.
The main goal of this paper, will be to prove that there exists a complete minimal
surface of genus one, with two parallel catenoid ends and one Enneper end, explicitly
solving the period problem.
Theorem 1. There exists a complete minimal immersion S in R3, of genus one,
with three ends and the following properties:
(1) The total curvature of S is −16π;
(2) S has two catenoid-type ends and one Enneper-type end;
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(3) The symmetry group of S is the dihedral group G with 8 elements generated
by
Aβ =

 1 0 00 −1 0
0 0 1

 , Aρ =

 0 −1 01 0 0
0 0 −1

 ;
(4) The Weierstrass data is given by
 g = c
(℘− 3e1)(℘+ 3e1)
℘′
, c =
1
e1
√
6π
73
, e1 = ℘(1/2);
η = 2℘dz.
(a) (b)
Figure 1. Computer graphics of S
2. Preliminaries
2.1. The Weierstrass representation. The main tool we will use to prove the
existence of the surface described in Theorem 1 is the Weierstrass representation
formula (see [7], [16]).
Proposition 1. Let M be a compact Riemann surface and M =M−{p1, · · · , pn}.
Suppose g : M → C ∪ {∞} is a meromorphic function and η is a meromorphic
1-form such that whenever g = g|M has a pole of order k, then η has a zero of
order 2k and η has no other zeros on M . Let
(1) φ1 =
1
2
(
1− g2) η, φ2 = i
2
(
1 + g2
)
η, φ3 = gη.
If for any closed curve γ in M ,
(2) Re
∫
γ
φj = 0, for j = 1, 2, 3,
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and every divergent curve ℓ in M has infinity length, i.e.,
(3)
∫
ℓ
(1 + |g|2)|η| =∞,
then the surface S, defined by X :M → R3, is a complete regular minimal surface,
where
(4) X(z) = Re
(∫ z
z0
φ1,
∫ z
z0
φ2,
∫ z
z0
φ3
)
.
Here, z0 is a fixed point of M . Moreover, the total curvature of S is
(5) CT (S) = −4πm,
where m is the degree of g.
2.2. The Weierstrass ℘ and ζ functions. For the proof of Theorem 1, we get
some properties of the Weierstrass ℘ function associated to lattice L = [1, i]. The
proofs of the results below can be found in [1], [2] and [4]. Let L = [w1, w2],
Im
(
w2
w1
)
> 0 be a lattice of C. The Weierstrass ℘ function of the lattice L is a
doubly periodic meromorphic function, defined by
(6) ℘(z) =
1
z2
+
∑
Ω∈L
Ω6=0
(
1
(z − Ω)2 −
1
Ω2
)
,
where Ω = mw1 + nw2, for all (m,n) ∈ Z× Z and (m,n) 6= (0, 0).
We will also need the Weierstrass ζ functions, defined by
(7) ζ(z) =
1
z
+
∑
Ω∈L
Ω6=0
(
1
z − Ω +
1
Ω
+
z
Ω2
)
.
From (6) and (7) we have that ζ is related to ℘ by
(8) ζ(z)′ = −℘(z).
It is possible to express ℘(z+z1) in terms of ℘(z), and ℘(z1) and their derivatives.
Proposition 2. If z 6= z1 modulo (w1, w2), then we have
(9) ℘(z + z1) =
1
4
(
℘′(z)− ℘′(z1)
℘(z)− ℘(z1)
)2
− ℘(z)− ℘(z1).
Proposition 3. The elliptic function ℘(z) satisfies the differential equation
(10) ℘′(z)2 = 4℘(z)3 − g2℘(z)− g3,
where
(11) g2 = 60
∑
Ω∈L
Ω6=0
Ω−4, g3 = 140
∑
Ω∈L
Ω6=0
Ω−6.
The three zeros of ℘′(z)2 = 4℘(z)3−g2℘(z)−g3 in L = L[1, i] are w1 = 1/2, w2 =
(1 + i)/2 and w3 = i/2 and putting e1 := ℘(1/2), e2 := ℘((1 + i)/2), e3 := ℘(i/2),
we have that
(12) ℘′(z)2 = 4 (℘− e1) (℘− e2) (℘− e3) , ℘ = ℘(z),
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with
(13) e1 + e2 + e3 = 0, e1e2 + e2e3 + e1e3 = −g2
4
, e1e2e3 =
g3
4
.
From now on, we assume that L = L[1, i] and that the fundamental domain is
F = {z ∈ C | 0 6 Re(z) < 1, 0 6 Im(z) < 1}. In this case, the results below are
well known.
Lemma 1. Let L = L[1, i] be a lattice and z ∈ F . Then, with the above notation,
we have:
(14) e2 = g3 = 0,
(15) e3 = −e1,
(16) g2 = 4e
2
1,
(17) ℘′(z)2 = 4℘ (℘− e1) (℘+ e1) ,
(18) ℘2 =
℘′′
6
+
e21
3
.
Lemma 2. Let L be a lattice and z ∈ F . Then, we have:
(19)
1
℘− e1 =
℘(z − 1/2)
2e2
1
− e1
2e2
1
,
(20)
1
℘+ e1
=
℘(z − i/2)
2e2
1
+
e1
2e2
1
,
(21)
1
(℘− e1)(℘+ e1) =
1
2e1
· 1
℘− e1 −
1
2e1
· 1
℘+ e1
,
Lemma 3. Let L be a lattice and z ∈ F . Then, we have:
(22)
1
℘− e1 −
1
℘+ e1
=
1
2e2
1
(℘(z − 1/2)− ℘(z − i/2)− 2e1) ,
(23)
℘
℘− e1 −
℘
℘+ e1
=
1
2e1
(℘(z − 1/2) + ℘(z − i/2)) ,
(24)
℘2
℘− e1 −
℘2
℘+ e1
= e1 +
1
2
(℘(z − 1/2)− ℘(z − i/2)) ,
(25)
℘3
℘− e1 −
℘3
℘+ e1
= 2e1℘+
e1
2
(℘(z − 1/2) + ℘(z − i/2)) ,
(26)
℘4
℘− e1 −
℘4
℘+ e1
= 2e1℘
2 + e31 +
e21
2
(℘(z − 1/2)− ℘(z − i/2)) ,
(27)
℘′℘
℘− e1 −
℘′℘
℘+ e1
= e1
℘′
℘− e1 + e1
℘′
℘+ e1
,
(28)
℘′℘2
℘− e1 −
℘′℘2
℘+ e1
= 2e1℘
′ + e21
℘′
℘− e1 − e
2
1
℘′
℘+ e1
.
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Proof. From (19) and (20), it follows (22). To prove item (24), observe that
(29)
℘2
℘− e1 = ℘+ e1 +
e21
℘− e1 ,
℘2
℘+ e1
= ℘− e1 + e
2
1
℘+ e1
.
From this it follows that
℘2
℘− e1 −
℘2
℘+ e1
= 2e1 + e
2
1
(
1
℘− e1 −
1
℘+ e1
)
.
Using (22), the result follows. In an analogous way, we can prove the other formulae.

Let α, β : [0, 1]→ C be the paths
(30) α(t) =
i
3
+ t, β(t) =
1
3
+ it.
The set {α, β} is a non-trivial, homology basis of the torus T 2 = C/L[1, i].
Lemma 4. If L = [1, i], z, z0 ∈ F, here z0 is a fixed point of F , then
(31)
∫ z
z0
1
℘− e1 dz = −
1
2e2
1
ζ(z − 1/2)− 1
2e1
z + c1,
(32)
∫ z
z0
℘
℘− e1 dz =
z
2
− 1
2e1
ζ(z − 1/2) + c2,
(33)
∫ z
z0
℘2
℘− e1 dz =
e1
2
z − ζ(z)− 1
2
ζ(z − 1/2) + c3,
(34)
∫ z
z0
℘3
℘− e1 dz =
5e21
6
z +
1
6
℘′ − e1ζ(z)− e1
2
ζ(z − 1/2) + c4.
where cj , j = 1, 2, 3, 4, 5 are constants.
Proof. To prove item (34), observe that
℘3
℘− e1 = ℘
2 + e1
℘2
℘− e1 ,
Using (18), (19) and (29), we have
℘3
℘− e1 =
5
6
e21 +
1
6
℘′′ + e1℘+
e1
2
℘(z − 1/2).
Hence ∫ z
z0
℘3
℘− e1 =
5
6
e21z +
1
6
℘′ − e1ζ(z)− e1
2
ζ(z − 1/2) + c4.
In an analogous way, we can prove the other cases. 
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Lemma 5. If L = [1, i], z, z0 ∈ F, here z0 is a fixed point of F , then
(35)
∫ z
z0
(
1
℘− e1 −
1
℘+ e1
)
dz =
1
2e2
1
(
− ζ(z − 1/2) + ζ(z − i/2)− 2e1z
)
+ c1,
(36)
∫ z
z0
(
℘
℘− e1 −
℘
℘+ e1
)
dz = − 1
2e1
ζ(z − 1/2)− 1
2e1
ζ(z − i/2) + c2,
(37)
∫ z
z0
(
℘2
℘− e1 −
℘2
℘+ e1
)
dz = e1z − 1
2
ζ(z − 1/2) + 1
2
ζ(z − i/2) + c3,
(38)
∫ z
z0
(
℘3
℘− e1 −
℘3
℘+ e1
)
dz = −2e1ζ(z)− e1
2
ζ(z − 1/2)− e1
2
℘(z − i/2) + c4,
(39)∫ z
z0
(
℘4
℘− e1 −
℘4
℘+ e1
)
dz =
e1
3
℘′(z) +
5e31
3
z − e
2
1
2
ζ(z − 1/2) + e
2
1
2
ζ(z − i/2) + c5,
where cj , j = 1, 2, 3, 4, 5 are constants.
Using the Legendre’s relation we have
Lemma 6. ([4]) Let α, β : [0, 1]→ C be the paths
α(t) =
i
3
+ t, β(t) =
1
3
+ it
of homology basis of the torus T 2 = C/L. Then,
(40)
∫
℘(z) dz = −ζ(z) + const.,
(41) ζ(1/2) =
π
2
, ζ(i/2) = −π
2
i, ζ
(
1 + i
2
)
=
π
2
− π
2
i,
(42)∫
α
℘(z) dz =
∫
α
℘(z − 1/2) dz =
∫
α
℘(z − i/2) dz =
∫
α
℘(z − (1 + i)/2) dz = −π,
(43)
∫
β
℘(z) dz =
∫
β
℘(z−1/2) dz =
∫
β
℘(z−i/2) dz =
∫
β
℘(z−(1+i)/2) dz = iπ.
2.3. Symmetries of the Weierstrass ℘ functions. The symmetries of the min-
imal surface S = X(M) given in Theorem 1 are consequence of the symmetries of
the Weierstrass ℘ functions no fundamental domain F and of Proposition 4 below.
Lemma 7. ([12]) Let ℘(z) be the Weierstrass ℘-function for the unit-square lat-
tices:
(1) ℘(ρ(w2 + z)) = −℘(w2 + z), ρ(w2 + z) = w2 + iz,
(2) ℘(β(w2 + z)) = ℘(w2 + z), β(w2 + z) = w2 + z,
(3) ℘(ρ ◦ β(w2 + z)) = −℘(w2 + z),
(4) ℘(ρ2 ◦ β(w2 + z)) = ℘(w2 + z),
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(5) ℘(µ(w2 + z)) = −℘(w2 + z), µ(w2 + z) = w2 − iz.
Remark 1. We note that ρ, β, ρ2 ◦ β, ρ ◦ β and µ above, are respectively, a
rotation by π/2 about w2, reflection about the horizontal line, reflection about the
vertical line, reflection about the positive diagonal and reflection about the negative
diagonal.
Lemma 8. ([15]) Let ζ be the curve in M such that g ◦ ζ is either a meridian of S2
or g ◦ ζ is the equator of S2 and (gη)(ζ′) is real or imaginary. Then ζ is a geodesic
on M .
Proposition 4. ([20]) If the second fundamental form II = dg · η is real when
applied to the tangent vector field of a geodesic, that geodesic is a planar curve of
symmetry and if dg · η is imaginary, it is a line.
The Schwarz Reflection Principle for Minimal Surfaces (for more details
see [9], [15])
If a minimal surface contains a line segment L, then it is symmetric under
rotation by π about L.
If a nonplanar minimal surface contains a principal geodesic - necessarily a pla-
nar curve - then it is symmetric under reflection in the plane of that curve.
3. Explicit solution to period problem for Weber’s minimal surface
The Professor Matthias Weber [18](see also [8]) has constructed numerically
an example of a minimal surface of genus one, with one catenoid-type end and
one Enneper-type end. In the Proposition 5 below, using the theory of elliptic
functions, we will give a description of the Matthias Weber’s minimal surface and
give an explicit proof of the solution of the period problem.
Proposition 5. There exists a complete minimal immersion S in R3, of genus
one, with two ends and the following properties:
(1) The total curvature of S is −12π;
(2) S has one catenoid-type end and one Enneper-type end;
Proof. Let T 2 = C/L be the o torus with complex structure induce by canonical
projection π : C → T 2. Let M = T 2 − {p1, p2}, where
(44) p1 = π(1/2), p2 = π(0).
The Weierstrass data (g, η) is given by
(45)

 g = c
(℘+ e1)(℘− λ)
℘′
, c > 0, λ > 0, λ 6= e1,
η = 2℘dz.
The Figure 2 below, shows the zeros and poles of g, η and φ3 on F.
The degree of the Gauss map g equals 3. Thus, the total curvature
(46) CT (S) :=
∫
M
K dA = −4π · degree(g) = −12π.
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(a) Zeros and polos of g (b) Zeros and polos of η (c) Zeros and polos of φ3
Figure 2.
From (1), (17) and (45) we have
φ1 = ℘dz − c
2
4
(℘+ e1)(℘− λ)2
℘− e1 dz,
= ℘dz − c
2
4
(
℘3
℘− e1 + (e1 − 2λ)
℘2
℘− e1 + (λ
2 − 2e1λ) ℘
℘− e1 +
e1λ
2
℘− e1
)
dz,
φ2 = i ℘ dz + i
c2
4
(℘+ e1)(℘− λ)2
℘− e1 dz,
= i℘ dz + i
c2
4
(
℘3
℘− e1 + (e1 − 2λ)
℘2
℘− e1 + (λ
2 − 2e1λ) ℘
℘− e1 +
e1λ
2
℘− e1
)
dz,
φ3 =
c
2
℘′
(
℘− λ
℘− e1
)
dz,
=
c
2
(
℘′ + (e1 − λ) ℘
′
℘− e1
)
dz.
Using the Lemma 4 we have∫
φ1 = −ζ(z)−c
2
4
[
℘′
6
+
(
4
3
e21 − 2e1λ
)
z + (2λ− 2e1)ζ(z) +
(
2λ− e1 − λ
2
e1
)
ζ(z − 1/2)
]
,
∫
φ2 = −iζ(z)+i c
2
4
[
℘′
6
+
(
4
3
e21 − 2e1λ
)
z + (2λ− 2e1)ζ(z) +
(
2λ− e1 − λ
2
e1
)
ζ(z − 1/2)
]
,
∫
φ3 =
c
2
[
℘+ (e1 − λ) ln |℘− e1|
]
.
Since
∫
φ3 is periodic, then ∫
α
φ3 =
∫
β
φ3 = 0.
From Lemma 6, it follows that
Re
∫
β
φ1 = Re
∫
α
φ2 = 0
and∫
α
φ1 = −π − c
2
4
[
0 +
(
4
3
e21 − 2e1λ
)
· 1 + (2λ− 2e1)π +
(
2λ− e1 − λ
2
e1
)
π
]
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(47)
∫
α
φ1 = −π − c
2
4
[(
4
3
e21 − 3e1π
)
+ (4π − 2e1)λ− π
e1
λ2
]
,
∫
β
φ2 = −i(−iπ)+i c
2
4
[
0 +
(
4
3
e21 − 2e1λ
)
· i+ (2λ− 2e1)(−iπ) +
(
2λ− e1 − λ
2
e1
)
(−iπ)
]
,
∫
β
φ2 = −π − c
2
4
[(
4
3
e21 − 2e1λ
)
+ (2λ− 2e1)(−π) +
(
2λ− e1 − λ
2
e1
)
(−π)
]
,
(48)
∫
β
φ2 = −π − c
2
4
[(
4
3
e21 + 3e1π
)
− (4π + 2e1)λ+ π
e1
λ2
]
.
Therefore (2) holds if, and only if
−π − c
2
4
[(
4
3
e21 − 3e1π
)
+ (4π − 2e1)λ− π
e1
λ2
]
= 0,
−π − c
2
4
[(
4
3
e21 + 3e1π
)
− (4π + 2e1)λ+ π
e1
λ2
]
= 0.
This implies that(
4
3
e21 + 3e1π
)
− (4π + 2e1)λ + π
e1
λ2 =
(
4
3
e21 − 3e1π
)
+ (4π − 2e1)λ− π
e1
λ2.
This is equivalent to
(49) λ2 − 4e1λ+ 3e21 = 0.
The roots of equation (49) are λ = 3e1 and λ = e1. By hypothesis, λ 6= e1 and thus
we obtain
(50)

 g = c
(℘+ e1)(℘− 3e1)
℘′
, c =
1
e1
√
6π
7
.
η = 2℘dz.
Now, we will show that M has no real period around p1 = π(1/2) and p2 = π(0).
To do this we will compute residues at the points p1 and p2. The functions φ1 and
φ2 have poles of order two at p1, p2 and have no residues, while the function φ3
has a simple pole at p1. By evaluating the residues of the elliptic function φ3 at p1,
we have
Resp1φ3 = −
c
2e1
℘′′(1/2) = −2c e1 ∈ R.
As the sum of all the residues of an elliptic function at the poles inside F is zero,
then Resp2φ3 is also real.
At the points p1 and p2, ds =
1
2
(1 + |g|2)|η| has a pole of order at least 2. Thus,
(51)
∫
ℓ
(1 + |g|2)|η| =∞,
10 JOSE´ ANTONIO M. VILHENA
for any divergent curve ℓ, around p1 and p2. By Proposition 1, we obtain a complete
minimal surface S = X(M) with genus one and two ends (Enneper - Catenoid),
where
X1 = Re
∫ z
1+i
2
φ1 = Re
{
−ζ(z)− c
2
4
[
℘′(z)
6
− 14
3
e21 z + 4e1ζ(z)− 4e1ζ(z − 1/2)
]}
+
3π2
7e1
,
X2 = Re
∫ z
1+i
2
φ2 = Re
{
−iζ(z) + i c
2
4
[
℘′(z)
6
− 14
3
e21 z + 4e1ζ(z)− 4e1ζ(z − 1/2)
]}
,
X3 = Re
∫ z
1+i
2
φ3 = Re
{ c
2
[
℘− 2e1 ln |℘− e1|
]}
+
√
6π
7
ln e1, c =
1
e1
√
6π
7
.
This completes the proof. 
Remark 2. If λ = e1, then
 g = c
(℘+ e1)(℘− e1)
℘′
=
c
4
℘′
℘
,
c
4
=
1
2e1
√
3π
2
,
η = 2℘dz.
But, this is the Weierstrass data of Chen-Gackstatter surface.
4. Proof of the Theorem
In order to find a new example of a minimal surface with three ends, being two
catenoid-type ends and one Ennerper-type end, we will add one more catenoid-type
end to minimal surface described in Proposition 5, by symmetry.
Let T 2 = C/L be the o torus with complex structure induce by canonical pro-
jection π : C → T 2. Let M = T 2 − {p1, p2, p3}, where
(52) p1 = π(1/2), p2 = π(0) and p3 = π(i/2).
The Weierstrass data (g, η) is given by
(53)

 g = c
(℘− 3e1)(℘+ λ)
℘′
, c > 0, λ > 0, λ 6= e1,
η = 2℘dz.
The Figure 3 shows the zeros and poles of g, η and φ3 on F.
(a) Zeros and polos of g (b) Zeros and polos of η (c) Zeros and polos of φ3
Figure 3.
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From (1), (17) and (53) we have
(54)
φ1 = ℘dz − c
2
4
· (℘− 3e1)
2(℘+ λ)2
(℘− e1)(℘+ e1) dz,
φ1 = ℘dz − c
2
8e1
[(
℘4
℘− e1 −
℘4
℘+ e1
)
+ (2λ− 6e1)
(
℘3
℘− e1 −
℘3
℘+ e1
)
+
+ (λ2 − 12e1λ+ 9e21)
(
℘2
℘− e1 −
℘2
℘+ e1
)
+ (18e21λ− 6e1λ2)
(
℘
℘− e1 −
℘
℘+ e1
)
+
+ 9e21λ
2
(
1
℘− e1 −
1
℘+ e1
)]
dz,
(55)
φ2 = i℘ dz + i
c2
4
· (℘− 3e1)
2(℘+ λ)2
(℘− e1)(℘+ e1) dz,
φ2 = i℘ dz + i
c2
8e1
[(
℘4
℘− e1 −
℘4
℘+ e1
)
+ (2λ− 6e1)
(
℘3
℘− e1 −
℘3
℘+ e1
)
+
+ (λ2 − 12e1λ+ 9e21)
(
℘2
℘− e1 −
℘2
℘+ e1
)
+ (18e21λ− 6e1λ2)
(
℘
℘− e1 −
℘
℘+ e1
)
+
+ 9e21λ
2
(
1
℘− e1 −
1
℘+ e1
)]
dz,
φ3 = 2c
(℘− 3e1)(℘+ λ)℘
℘′
dz =
c
2
℘′
(℘− 3e1)(℘+ λ)
(℘− e1)(℘+ e1) dz,
φ3 =
c
4e1
[(
℘′℘2
℘− e1 −
℘′℘2
℘+ e1
)
+ (λ − 3e1)
(
℘′℘
℘− e1 −
℘′℘
℘+ e1
)
− 3e1λ
(
℘′
℘− e1 −
℘′
℘+ e1
)]
dz.
From (27) and (28) we have
(56) φ3 =
c
4e1
[
2e1℘
′ − (2e21 + 2e1λ)
℘′
℘− e1 + (4e1λ− 4e
2
1)
℘′
℘+ e1
]
dz.
Using the Lemma 5 we have
∫
φ1 = −ζ(z)− c
2
8e1
[(
e1
3
℘′ +
5
3
e31z −
e21
2
ζ(z − 1/2) + e
2
1
2
ζ(z − i/2)
)
+
+ (2λ− 6e1)
(
−2e1ζ(z)− e1
2
ζ(z − 1/2)− e1
2
ζ(z − i/2)
)
+
+
(
λ2 − 12e1λ+ 9e21
)(
e1z − 1
2
ζ(z − 1/2) + 1
2
ζ(z − i/2)
)
+(57)
+
(
18e21λ− 6e1λ2
)(− 1
2e1
ζ(z − 1/2)− 1
2e1
ζ(z − i/2)
)
+
+ 9e21λ
2
(
− 1
2e2
1
ζ(z − 1/2) + 1
2e2
1
ζ(z − i/2)− z
e1
)]
− constant,
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∫
φ2 = −iζ(z) + i c
2
8e1
[(
e1
3
℘′ +
5
3
e31z −
e21
2
ζ(z − 1/2) + e
2
1
2
ζ(z − i/2)
)
+
+ (2λ− 6e1)
(
−2e1ζ(z)− e1
2
ζ(z − 1/2)− e1
2
ζ(z − i/2)
)
+
+
(
λ2 − 12e1λ+ 9e21
)(
e1z − 1
2
ζ(z − 1/2) + 1
2
ζ(z − i/2)
)
+(58)
+
(
18e21λ− 6e1λ2
)(− 1
2e1
ζ(z − 1/2)− 1
2e1
ζ(z − i/2)
)
+
+ 9e21λ
2
(
− 1
2e2
1
ζ(z − 1/2) + 1
2e2
1
ζ(z − i/2)− z
e1
)]
− constant,
(59)
∫
φ3 =
c
4e1
[
2e1℘−(2e21+2e1λ) ln |℘−e1|+(4e1λ−4e21) ln |℘+e1|
]
−constant.
Since
∫
φ3 is periodic, then ∫
α
φ3 =
∫
β
φ3 = 0.
From Lemma 6, it follows that
Re
∫
β
φ1 = Re
∫
α
φ2 = 0
and∫
α
φ1 = −π − c
2
8e1
[
5
3
e31 + (2λ− 6e1)(−3e1π) +
(
λ2 − 12e1λ+ 9e21
)
e1+
+ (18e21λ− 6e1λ2)
(−π
e1
)
+ 9e21λ
2
(−1
e1
)]
,
∫
β
φ2 = −π − c
2
8e1
[
5
3
e31 + (2λ− 6e1)(3e1π) +
(
λ2 − 12e1λ+ 9e21
)
e1+
+ (18e21λ− 6e1λ2)
(
π
e1
)
+ 9e21λ
2
(−1
e1
)]
.
Therefore,∫
α
φ1 = −π − c
2
8e1
[(
5
3
e31 + 18e
2
1π + 9e
3
1
)
+
(−24e1π − 12e21)λ+ (−8e1 + 6π)λ2
]
and∫
β
φ2 = −π − c
2
8e1
[(
5
3
e31 − 18e21π + 9e31
)
+
(
24e1π − 12e21
)
λ+ (−8e1 − 6π)λ2
]
.
Thus, Re
∫
α
φ1 = Re
∫
β
φ2 = 0, if and only if there exists a real number λ such that
(60) λ2 − 4e1λ+ 3e21 = 0
MINIMAL SURFACE WITH TWO CATENOID ENDS AND ONE ENNEPER END 13
and
(61) c =
√
6π
33e1λ− 26e21
.
The roots of the equation (60) are λ1 = e1 and λ2 = 3e2. By hypothesis λ 6= e1,
then
(62) λ = 3e1 ⇒ c = 1
e1
√
6π
73
.
Thus, we obtain
(63)

 g = c
(℘− 3e1)(℘+ 3e1)
℘′
, c =
1
e1
√
6π
73
.
η = 2℘dz.
The Weierstrass data of the above form, produce the symmetry of the surface that
we require. The degree of the Gauss map g equals 4. Thus, the total curvature is
−16π.
Now, we will show that M has no real period around p1 = π(1/2), p2 = π(0)
and p3 = π(i/2). To do this we will compute residues at points p1, p2 and p3. The
functions φ1 and φ2 have poles of order two at p1, p2 and p3 and have no residues,
while the function φ3 has a simple pole at p1 and p3. Evaluating the residues of
the elliptic function φ3 at p1 and p3, we have
Resp1φ3 = −
c
e1
℘′′(1/2) = −4c e1 ∈ R,
Resp3φ3 =
c
e1
℘′′(i/2) = 4c e1 ∈ R,
This implies that Resp2φ3 = 0.
At p1, p2 and p3, ds =
1
2
(1 + |g|2)|η| has a pole of order at least 2. Thus,
(64)
∫
ℓ
(1 + |g|2)|η| =∞,
for any divergent curve ℓ, around p1, p2 and p3. Therefore, by Proposition 1, we ob-
tain a complete minimal surface S = X(M) with genus one, two catenoid-type ends
and one Enneper-type end, where X(z) = (X1(z), X2(z), X3(z)), X(1/2, 1/2) =
(0, 0, 0),
X1 = Re
{
−ζ(z)− c
2
4
[
℘′(z)
6
+ 16e1ζ(z − i/2)− 16e1ζ(z − 1/2)− 146
3
e21 z
]}
+
12π2
73e1
,
X2 = Re
{
−iζ(z) + i c
2
4
[
℘′(z)
6
+ 16e1ζ(z − i/2)− 16e1ζ(z − 1/2)− 146
3
e21 z
]}
+
12π2
73e1
,
X3 = Re
{
c
2
[
℘+ 4e1 ln
∣∣∣∣℘+ e1℘− e1
∣∣∣∣
]}
, c =
1
e1
√
6π
73
.
Now, we will study the symmetries of surface S=X(M). To do this we will define
on F the curves:
ζ1(u) = u, 0 < u < 1/2, ζ2(u) = u, 1/2 < u < 1,
ζ3(u) =
i
2
+ u, 0 < u < 1, ζ4(u) = iu, 0 < u < 1/2,
ζ5(u) = iu, 1/2 < u < 1, ζ6(u) =
1
2
+ iu, 0 < u < 1,
ζ7(u) = u+ i(1− u), 0 < u < 1, ζ8(u) = u+ iu, 0 < u < 1.
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From Lemma 8 and Proposition 4, we have that γj := X ◦ ζj , j = 1, . . . , 6, are
planar geodesics and γj := X ◦ ζj , j = 7, 8, are two straight lines cross at 0 and
at the Enneper end. We can easily show that γj , j = 1, 2, 3, are contained in the
(x1, x3)-plane, γj , j = 4, 5, 6, are contained in the (x2, x3)-plane and γj , j = 7, 8,
are contained in the lines x1 ± x2 = x3 = 0. The Schwarz reflection principle for
minimal surfaces, implies that surface S has the (x1, x3)-plane and the (x2, x3)-
plane as reflective planes of symmetry, and the surface is invariant under rotation
by π about the lines x1 ± x2 = x3 = 0.
Finally, substituting (62) into (54), (55) and (56). From Lemma 7, we have the
following properties:
(65) X(β(w2 + z)) = (X1, X2, X3)(β(w2 + z)) = (X1,−X2, X3)(w2 + z),
(66) X(ρ(w2 + z)) = (X1, X2, X3)(ρ(w2 + z)) = (−X2, X1,−X3)(w2 + z).
Let G := 〈β, ρ〉 be the dihedral group with 8 elements. According to (65) and (66),
we may consider G as acting on S = X(M), Aσ : G × S → S, Aσ(σ,X(z)) :=
X(σ(z)), by identifying the generators β and ρ with the orthogonal motions
Aβ =

 1 0 00 −1 0
0 0 1

 , Aρ =

 0 −1 01 0 0
0 0 −1

 .
Therefore, the symmetry group of S is {Id,Aβ , Aρ, AρAβ , A2ρAβ , A3ρAβ , A2ρ, A3ρ}.
This completes the proof of the Theorem.
Remark 3. We note that if λ = e1, then
 g = c
(℘− 3e1)(℘+ e1)
℘′
, c =
1
e1
√
6π
7
.
η = 2℘dz.
But, this is exactly the Weierstrass data of minimal surface described in Proposition
5.
Remark 4. From the Gackstatter [10], Jorge-Meeks [13] formula,
CT (S) = 2π(2− 2g−N −
N∑
ν=1
kν), where kν is the order of the end,
we see that the order of Enneper end is 3, thus the minimal surface S as described
in Theorem 1 is not embedded. I am working in a similar way to [12] to show
that there exists a compact set K ⊂ R3 such that a region of S contained in K is
embedded.
Remark 5. During the writing of this paper, I found some computer graphic
pictures (see [19]) of a surface belonging to a one-parameter family of minimal
surfaces with two catenoid ends and one Enneper end.
Question 1. Are the surfaces in Proposition 5 and Theorem 1 the only complete
minimal surface with genus one or two?
Question 2. Is it possible to construct examples of complete minimal surfaces
with genus g > 1 with two catenoid ends and one Enneper end?
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Question 3. Is it possible to construct examples of complete minimal surfaces S
with genus g > 1 increasing dihedral symmetry in such a way that S have two
catenoid ends and one higher order Enneper end?
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